Abstract--In this paper, the theoretical foundation of fuzzy reasoning is analyzed, and the idea that the fuzzy transform given in the fuzzy reasoning method should be continuous with respect to a certain fuzzy distance is proposed. Also, the fuzzy transforms given in the two fuzzy reasoning methods, the Mamdani method and the III method, are proved to be continuous. Based on the continuity of the fuzzy transform, the approximation theorem of the continuous fuzzy number transform is proven. Then, on the basis of the approximation theorem, a simple fuzzy number transform is constructed in order to implement the fuzzy reasoning based on multiple rules. At last, the fuzzy reasoning based on multiple rules implemented by a simple fuzzy number transform is applied to machine scheduling problems, and numerical computational results of different scale scheduling problems with the objective of minimizing the total number of tardy jobs show that it is more effective than usual heuristics based on rules, and in the computational time it has the obvious advantage over the reasoning by fuzzy rules directly. (~)
INTRODUCTION
Since Zadeh introduced the notion of fuzzy set in 1965 [1] , the fuzzy optimization theory based on the fuzzy set has developed significantly and great efforts have also been made on fuzzy reasoning, one of theoretical foundations of the fuzzy optimization theory [2, 3] . Especially, Zadeh proposed the compositional rule of inference (CRI) method in 1973 [4] which accelerated the development of the fuzzy reasoning theory. Additionally, Wang [5] established a so-called quasi-propositional deductive system syntactically as well as semantically and set a logic foundation for developing the fuzzy reasoning theory in 1999. However, the researches on the theoretical foundation of" fuzzy reasoning are still not thorough.
In fuzzy reasoning, the fuzzy implication inference rule is a set of linguistic description rules. which can usually be described by the IF-THEN rule as follows, IF (a set of premises are satisfied) THEN (a set of consequences can be inferred)
When the premise of the IF-THEN rule is given, we can get the fuzzy reasoning consequence. And if the given premise is similar to the premise of the rule, the fuzzy reasoning consequence should be similar to the consequence of the rule. Since the fuzzy reasoning process can be regarded a kind of fuzzy transform in essence, the above characteristic of fuzzy reasoning reflects the continuity of the fuzzy transform with respect to a certain fuzzy distance in a sense. But this kind of continuity has been little dealt with in the researches on the current fuzzy reasoning. In this paper, in order to study further the theoretical foundation of fuzzy reasoning, we analyze the continuity of the fuzzy transform given in the fuzzy reasoning method.
Also, in the practical problems, the fuzzy rules for ascertaining exactly the fuzzy transform are finite, and it is generally very difficult to obtain directly the formula of the fuzzy transfbrm according to the finite fuzzy rules, so it is necessary to approximate the fuzzy transform. Up to now, some approximation theorems have been proposed [6] [7] [8] [9] [10] , in which the interpolation is a kind of important approximation method in fuzzy reasoning. Considering that the usual fuzzy sets are fuzzy numbers, in this paper, in order to study the formula of the fuzzy number transform, we propose the approximation theorem of the fuzzy number transform based on the continuity of the fuzzy transform, in which the approximation fuzzy number transform can be regarded as a kind of interpolation function in essence. By the above simple fuzzy transform, not only can the fuzzy reasoning consequence be easily gotten, but also the consequence error can reach any precision.
If a simple fuzzy number transform is obtained by the approximation of the fuzzy number transform in the fuzzy reasoning based on multiple rules, for a given premise, not only can the fuzzy reasoning consequence be obtained easily, but also even if the total number of fuzzy rules becomes relatively larger, the fuzzy reasoning consequence can still be achieved in a reasonable time. Therefore, the above approximation method can be applied to the fuzzy reasoning based on multiple rules effectively. This paper is organized as follows. In Section 2, the theoretical foundation of fuzzy reasoning is discussed. It is pointed out that the fuzzy transform given in the fuzzy reasoning method should be continuous, and the fuzzy transforms given in the two fuzzy reasoning methods, the Mamdani method [11] and the III method [5] , are proved to be continuous. In Section 3, the constructive theorem of elementary continuous fuzzy number transform is introduced, and the approximation theorem of the continuous fuzzy number transform is proved, also the general formula of the fuzzy number transform is proposed. In Section 4, the approximation theory proposed is applied to the fuzzy reasoning based on multiple rules in machine scheduling problems, and numerical computational results of different scale scheduling problems with the objective of minimizing the total number of tardy jobs show the fuzzy reasoning based on multiple rules implemented by a simple fuzzy number transform is effective. At last, some conclusions are given in Section 5.
T H E C O N T I N U I T Y OF T H E F U Z Z Y T R A N S F O R M G I V E N IN T H E F U Z Z Y R E A S O N I N G M E T H O D
In fuzzy reasoning, the usual fuzzy implication inference rule is the fuzzy modus ponens (FMP), which is based on the following compositional rule of inference, Premise: if x is A then y is B Fact:
x is A ~ Consequence: y is B ~ where A, A ~ and B, B ~ are fuzzy sets in the universes of discourse X and Y, respectively, and x. y are linguistic variables. Moreover, a fuzzy implication inference rule can be implemented on the basis of a fuzzy relation R. The earliest fuzzy relation R was defined by Zadeh as follows:
where A(x) and B(y) are the membership functions of fuzzy sets A and B, respectively.
Based on the fuzzy relation mentioned above, we can obtain the fuzzy reasoning consequence by the compositional rule of inference (CRI) method,
where A* is a given premise.
In the following, we give the definition of the continuity of the fuzzy transform given in the fuzzy reasoning method. Based on the definition, we analyze the continuity of the fuzzy transform and prove that the fuzzy transforms given in the two fuzzy reasoning methods, the Mamdani method [11] and the III method [5] , are continuous. Considering the fuzzy rules in fuzzy reasoning may be more than one, for the fuzzy reasoning based on n rules, we suppose that (Ai, Bi), i = 1, 2 , . . . , n, be given and Ai = Aj ~ Bi = Bj. Let It is clear that the function distance is a metric, but the Minkowski distance is not a metric, because we can not obtain A1 = A2 from the formula MR(A1, A2) = O.
Currently, the researches on the fuzzy transform focus more on the reductor (if (A, B) is the known rule, the fuzzy transform F is requested to satisfy F(A) = B) and less on the continuity. In fact, the fuzzy transforms given in some usual fuzzy reasoning methods are continuous with respect to a certain fuzzy distance. In the following of this section, we discuss the continuity of the fuzzy transforms given in two kind of fuzzy reasoning methods, and propose Theorem 2.2 and Theorem 2.3 for the continuity of the fuzzy transforms given in Mamdani fuzzy reasoning method and III fuzzy reasoning method respectively.
In [11] , Mamdani defined the implication operator RM(X, y) = x A y and gave Mamdani fuzzy reasoning method. Suppose that A, A* E F(X) and B E F(Y), then using CRI method we have that
Mamdani fuzzy reasoning method gives a fuzzy transform ~ : F(X) ---+ F(Y), qo(A*) = B*.

THEOREM 2.2. Let the fuzzy distance in F(X) be the function distance d and the fuzzy distance in F(Y) be the Hamming distance M1. Suppose that A is normal, that is, there exists Xo E X, such that A(xo) = 1, then ~ is continuous at (A, B).
PROOF. Since A is normal, it is clear that ~(A) = B. Let A* E F(X), d(A~, A) --* O, n -~ ec. For Vy E Y, it is clear that B*(y) <~ B(y), so [B (y) -B~ (y)[ --B (y) -sup (A~ (z) A A (x) A B (y))
Since A is normal, there exists x0 E X, such that A(xo) = 1. Now, we continue proving this theorem according to the following two different cases, as follows.
Thus, 
<<. S (y) -A* (Xo) A B (y) = O.
Hence, MI(B*,B) = fy IBm(y)-B(y)[ dy ---* 0 and B~(x) converge to B(x), that is, ~ is continuous at (A, B). I
In the above theorem if we take R(x, y) = xy to substitute RM, we can get the same result as Theorem 2.2.
In [5] , the III rule of FMP was introduced and its theoretical foundation was studied. It is pointed out that the consequence by the III rule is reasonable. The III method of implication operator R0 was proposed as follows. 
(x), B(y))).
PRoof. Since A is normal, we know that ~oR(A) = B by [5] and there exists x0 E X, such that A(xo) = 1. Now, we continue proving this theorem according to the following three different cases as follows.
Thus,
. xeE~
Since d(A~,A) --~ O, there exists N, such that A~(xo) > 0 and A~(xo) --* A(xo) --1 holds
when n > N.
Moreover, since Ro(A(xo),B(y)) --1 > 1 -A~(xo), we have that xo E E~ = {x E X : (1 -A~(x)) < Ro(A(x),S(y))}.
Hence 
y ) >1 A~(zo) A Ro(A(zo), B(y)) = B(y).
Furthermore, for Vx E E$, we have that 1 -A~(x) < Ro(A(x), B(y)).
(
we have that Ro(A(x), B(y)) = B(y) and A*(z) A Ro(g(x), B(y)) <. B(y). (2) If A(z) <~ B(y), we have that Ro(A(x), S(y)) = 1 and An(x ) A Ro(A(z), B(y)) = A*(x ) <
A(x) < B(y).
Therefore, B~(y) <~ B(y) always holds. Thus, we have that Bn(y ) = B(y) when n > Y.
By the above prove, we have that MI(B~, B) --fy IB*(y) -B(y)I dy ~ O, that is, B~(x) converge to B(x). I
If a fuzzy transform is continuous at (A, B), then it is certainly a reductor of (A, B). For the fuzzy reasoning with multiple rules or multiple premises, the usual approach is to aggregate these rules into one rule or aggregate these premises into one premise by some aggregation operators. Thus, Theorems 2.2 and 2.3 proposed are also suitable for these two cases.
Generally, it is difficult to express the continuous fuzzy transform by formula, but in some cases we can easily obtain the formula of the continuous fuzzy transform. wj=O, j#i-l,i,i+l,i+2.
Hence,
If we use a continuous fuzzy transform F : A ~ -A to substitute the above method, we can also get the same result Y0 = -x0. 1
In the above section, we analyze the continuity of the fuzzy transform given in the fuzzy reasoning method. But it is very difficult to obtain the formula of the general fuzzy transform. Since the usual fuzzy sets are fuzzy numbers, in this paper we study the formula of the fuzzy number transform. The basic properties and the corresponding symbols of the fuzzy number theory are given in the appendix.
For the fuzzy number transform, a kind of elementary continuous fuzzy number transform was obtained by the real valued elementary functions in [13] . But, in practical applications, more attention is paid to the approximation of the continuous fuzzy number transform.
In this section, we propose Theorems 3.5 and 3.6 for describing the approximability of the continuous fuzzy number transform. In the above theorems, not only can the formula of the continuous fuzzy number transform be gotten, but also the formula is simple.
To prove the approximation theorems mentioned above, we firstly give Theorems 3.1 and 3.3. By the extension principle of fuzzy sets, we have Theorem 3.1.
THEOREM 3.1. Suppose that u C E 1, and that f is a real valued function. Let f(u) = U~e[o,1] a f(u~), we have that (1) (f(u))a = f(ua), Va • [0,1]; (2) :(u) • E 1, (/(u))~ = ^~o1 (~) and (/(u))~ = v~e~o/(z). |
It is easy to prove that dl(un,u) ~ 0 when doo(Un,U) --~ 0, n --, c¢. Since the real valued elementary functions are continuous in their domains, we can define the elementary continuous fuzzy number transforms by the above theorem. Let's observe the following example. 
THEOREM 3.4. Suppose Eo C E 1 is a compact subset of (El,doo) and F : Eo ~ (El,doo) is a continuous fuzzy number transform, then there exists a sequence of simple fuzzy number transforms Fn : Eo ~ (E 1, doo), such that Fn converge to F uniformly. |
In Theorem 3.4, we can also use the metric dp instead of doo in the formula F : E0 --, (E 1, doo), in which dp requests weaker converge conditions than doo does (doo requests converge uniformly, but @ requests converge a.e.). Additionally, (E l, dp) is separable, while (E 1, doo) is not separable [14] . Based on the above substitution, we can obtain Theorem 3.5 from Theorem 3.4 as follows. THEOREM 3.5. Suppose that Eo C_ E 1 is a compact subset of (El,doo) and F : Eo -~ (El,dp) is a continuous fuzzy number transform, then there exists a sequence of simple fuzzy number transforms Fn : Eo --* (E 1, dp), such that Fn converge to F uniformly.
PROOF. Since (E l, dp) is separable, we have that F(Eo) C_ E 1 is separable. Thus, there exists {Yn} C_ F(Xo), such that {y,~} = F(Xo).
For any integer m > 0, let Gnm = {x : dp(f(x), Yn) < l/m}, the proof of the remaining part is similar to the corresponding part in Theorem 3.3. | By the proof of Theorem 3.5, we know the simple fuzzy number transforms F, in Theorem 3.5 take values in a fixed set {y,} C_ F(Xo), so the simple fuzzy number transform in Theorem 3.5 has better properties than the one in Theorem 3.4.
Furthermore, considering that the most useful fuzzy numbers are triangular fuzzy numbers in practical applications and the set of the same type of triangular fuzzy numbers are linear ordered, we study the following approximation properties of the continuous fuzzy number transform taking values in the set of the same type of triangular fuzzy numbers. 
I(F(x))." -(Fn <
hence, dl(F(x),F,(x)) < 1/2 "-1 --* 0, n --+ c¢. I REMARK 3.7. Theorem 3.5 indicates that a continuous fuzzy number transform can be approximated by a simple fuzzy number transform. When we want to obtain the fuzzy reasoning consequence corresponding to a given primise, we just need to judge which subset of E0 the given premise belongs to based on the simple fuzzy number transform. In this way, not only can the fuzzy reasoning consequence be obtained easily, but also the consequence error can reach any precision.
Considering that the interpolation method is a kind of usual approximation one, in the following, we explain why the simple fuzzy number transform can be regarded as a kind of fuzzy number interpolation function in essence. Additionally, the fuzzy number interpolation function F(x) usually has a general formula.
Suppose ~k(x) is an elementary fuzzy number transform, such that uk(x0) = uk for a fixed xo ~ Ak, then we can get the general formula of the fuzzy number interpolation function F(x) =
E2=1 CA~ (x).~(~).
If rCk(X) takes uk for Vx E Ak in the general formula of the fuzzy number interpolation function, we have that F(x) = F(x), that is, the above simple fuzzy number transform F(x) can be regarded as a kind of fuzzy number interpolation function.
The above analysis shows that we can use the fuzzy number interpolation to obtain the simple fuzzy number transform in order to approximate the fuzzy number transform. |
APPLICATION TO THE SCHEDULING PROBLEMS
In this paper, we apply the proposed FR (fuzzy reasoning based on multiple rules implemented by a simple fuzzy number transform) to single machine scheduling problems with larger scale in order to validate the effectiveness of FR.
Up to now, the heuristics based on rules, such as SPT and EDD, have been widely used for the machine scheduling problems, but for the complex scheduling problem with larger scale, the performance of the solution obtained by the heuristics based on a single deterministic rule is often unsatisfactory, while the heuristic based on multiple fuzzy rules is a kind of perspective algorithm, not only may the solution with better performances be obtained by it, but also it has better adaptability with the changing of the problem parameters, such as the processing time, the due date and so on. When the heuristic based on multiple fuzzy rules is used to solve the scheduling problem, because there exists rule catastrophe [6] , the computational time for completing the fuzzy reasoning increases exponentially with number of fuzzy rules becoming large. In this paper, on the basis of Remark 3.7, we approximate the fuzzy number transform in the fuzzy reasoning based on multiple rules by a simple fuzzy number transform in order to solve single machine scheduling problems effectively, in which the multiple fuzzy rules can be described as follows:
R1 if A is low and B is low, then C is very high; R2 if A is high and B is high, then C is very low; R3 if A is middle and B is middle, then C is middle; R4 if A is high and B is low, then C is low; R5 if A is low and B is high, then C is high.
In the above fuzzy rules, A and B are two linguistic variables representing the normalized due date and the normalized processing time of jobs respectively, and C is a linguistic variable representing the priority of jobs. The membership functions of the fuzzy number A and B are given in Figure 2 , and the membership function of the fuzzy number C is given in Figure 3 , in which a, b, c, d, and e denote very low, low, middle, high, and very high, respectively. (1) Partition E0. Partition Eo into 10 x 10 equal subsets, each of which is denoted by Air (i,j : 1, 2,..., 10).
(2) Aiming at each Aij (i,j = 1,2 ..... 10), for constructing the simple fuzzy number transform, assign a value to the corresponding uij (i, j = 1, 2,..., 10) as follows.
First, we take the middle point in Aij as the given premise of the above fuzzy reasoning based on multiple rules, then we can obtain the fuzzy reasoning consequence according to the above five rules. At last, we assign the fuzzy reasoning consequence to uij.
(3) Construct the simple fuzzy number transform F(x) = ~in, j=l ~gd,j (X)Uij by which the consequence of the fuzzy reasoning based on multiple rules can be obtained.
In this paper, FR is used for solving the following single machine scheduling problem. There are n jobs, in which the processing time and the due date of job i (i = 1, 2,..., n) are denoted by pi and di, respectively.
We generate different scale single machine scheduling problems with the objective of minimizing the total number of tardy jobs to make numerical computations, and compare three heuristics based on EDD, SPT and the composite rule (CR) with FR in the performance of solutions of single machine scheduling problems. CR is the simple combination of rules (EDD, SPT), in which the job with the largest value of 0.5 x d~ + 0.5 × p~ has the highest priority in CR, in which d~ and pt are the normalized values of d~ and p~, respectively. EXAMPLE 4.1. For a single machine scheduling problem, the processing time and the due dates of jobs are listed in Table 1. Table 2 gives the corresponding scheduling results by four different scheduling methods.
It can be seen that the fuzzy reasoning based on multiple rules implemented by a simple fuzzy number transform (FR) obtains the solution with the best performance. Also, because the priority of jobs can be easily determined by the simple fuzzy number transform, in the computational time it has the obvious advantage over the reasoning by fuzzy rules directly. II 
I rE°°lsPTIc l R]
Tardy Jobs 7 6 7 5 Table 3 after we run the programs for 20 times. It can be seen that the fuzzy reasoning based on multiple rules implemented by a simple fuzzy number transform (FR) is more effective than usual heuristics based on rules. |
CONCLUSION
In this paper, we propose an initial idea that the fuzzy transform given in the fuzzy reasoning method should be continuous, we also prove that the approximation theorem of the continuous fuzzy number transform based on the continuity of the fuzzy transform. Then, a simple fuzzy number transform is constructed for approximating the fuzzy number transform in the fuzzy reasoning based on multiple rules and the fuzzy reasoning based on multiple rules implemented by a simple fuzzy number transform is applied to machine scheduling problems. Numerical computational results of different scale scheduling problems with the objective of minimizing the total number of tardy jobs show that it is effective.
In the future, the method for constructing the simple fuzzy number transform, which is used for approximating the fuzzy number transform in fuzzy reasoning based on multiple rules, needs to be studied.
APPENDIX
We recall the basic introduction of the fuzzy number theory. [14] .) The supremum metric doo in E 
